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Abstract- In this paper, vibration response of a bridge under 

vehicular load is analyzed and subsequently controlled by two 
actuators using active optimal control strategy. The bridge and 

the vehicle are modeled as an Euler Bernoulli beam and a four 

DOF vehicle respectively. To this end, equations of the coupled 

system of the bridge and the vehicle are derived using 
Hamilton's principle, and then transferred to the state space, 
discretized and finally controlled by the optimal control 

algorithm designed. Deflection of the mid span is considered as 

the output of the system and tried to be controlled by two 
symmetric forces whose optimal positions are determined by 

minimization of the square root of sum of squares of deflection 

of different points of the bridge. In addition parametric study 
has been done to investigate the sensitivity of the system 

response with respect to different parameters of the system 

and the controller. And finally the effect of the surface 

roughness and waviness on the system response and the 

controller has been studied. It is shown that the optimal 

positions of the forces are not essentially the mid span of the 

bridge and by this active control method, the bridge vibration 

can be well suppressed. 

Keywords- vibration, Euler Bernoulli beam, Hamilton's 
principle, optimal control 

1. INTRODUCTION 

Vibration has many diverse branches that one of which 
is vibration of continuous systems. Since a major part of our 
environment is inherently continuous, this branch of 
vibration seems much important to model and analyze many 
of everyday phenomena. One part of these important 
continuous systems includes bridges and beams and their 
vibration analysis and control. It has been more than a 
century that the analysis of elastic continuous systems under 
the influence of moving subsystems has been investigated 
by structural, mechanical and aerospace engineers. In this 
field, analysis of the critical state of the system is 
approachable by considering the relation between the main 
system (continuous system; bridge) and the subsystem 
(moving system; vehicle). 

Chen discussed how a general finite element (FE) code, 
such as ADINA, can be used to effectively and efficiently 
model the bridge superstructure system subjected to moving 
traffic loads [1]. The preloads in the pad and ballast caused 
by a single wheel load were studied by considering the 
nonlinear properties of the track foundation [2]. Modeling 
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of the vehicle is one of the main parts that determines the 
complexity of the system and its solution. In the simplest 
way, the vehicle is modeled as a moving load and thus the 
interaction between them is ignored. Analytical solution for 
this model has been developed by series expansion of 
undetermined deflection functions [3-5]. When the vehicle 
inertia is negligible to that of the bridge, the vehicle is 
modeled as a lumped mass. For this model there is no 
analytical solution and the approximate solution has been 
developed through series expansion [6-7], solution of 
integral equation with trial and error [8] and discretizing 
with finite element method [9-10]. Through studying this 
model, Leipholz, Sadiku, Stanisic and Bolotin have reached 
linear ordinary differential equations with time varying 
coefficients. Following their equations, Fryba has analyzed 
railway lines [3]. More complex and realistic vehicle models 
are presented in [11-13]. 

Vehicle travel on a bridge is not necessarily with 
constant velocity and may happen while accelerating or 
braking. Kishan and Trail-Nash have studied the dynamic 
response of a bridge under the load of a vehicle while 
braking [14]. They have claimed that braking is an 
important factor in bridge response and impact factor 
creation. Bridge response under the load of a vehicle 
considering surface irregularities and vehicle braking has 
also been studied [15]. In addition, completely nonlinear 
relationship between bridge and vehicle in braking, has been 
investigated as well (16]. Furthermore, dynamic response of 
a planar bridge under the load of a seven DOF vehicle 
considering bridge irregularities and vehicle speed is studied 
[17]. 

There are generally three types of control strategies 
namely, passive, semi-active and active. Due to power 
limitation and reliability of active control, semi-active is 
usually preferred. Semi-active vibration control of bridges 
has been quite widely studied. One of the recent works is 
vibration control of train-bridge-track systems (18] in which 
the bridge system is modeled using the modal approach and 
vibration control for bridge responses is provided by tuned 
mass dampers. An adaptive modal filter based active control 
scheme has been utilized to attenuate response amplitudes 
of a 250 foot span steel truss highway bridge (19-20]. More 
study in active adaptive control of bridges has been carried 
out in [21]. Fuzzy logic for active vibration control of 
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structures has been studied in [22-23]. Control of bridge 
vibration under a moving vehicle using the sliding mode 
theory that has robustness for time-varying systems is 
investigated in [24]. Active control and stabilizing of 
structures with uncertain coupled subsystems [25] and 
iterative learning control (ILC) strategy [26] have been also 
used for this purpose. Active and semi active controls 
mounted in suspension system of a vehicle have been 
studied as well [27]. Using piezoelectric material and 
actuators for active control of plates has been also weJl 
studied [28-29]. In this work, dynamics of bridge-vehicle 
interaction is developed and weJl analyzed using Hamilton's 
principle and optimal active vibration control of the bridge 
under the load of the 4-DOF vehicle and surface roughness 
using two actuators, has been extensively studied and the 
results are presented. 

II. MODELING AND DYNAMIC INTERACTION OF BRIDGE

VEHICLE SYSTEM 

In this study, the bridge is modeled as a simply 
supported Euler-BernouJli beam with damping coefficient 
Cb, second area moment of inertia Ib, young modulus Eb , 
total length L and mass per length of mb' The vehicle is 
considered as a 4-DOF pitch-heave model with sprung mass 

mv, sprung mass moment of inertia Iv and rear and front 
unsprung mass ofmr and mf respectively. Total length of 

the vehicle and distances from the centre of its gravity to 
rear and front of the vehicle are respectively lv, ler and lef' 

Rear and front suspension stiffuess coefficients are 
designated by ker and kef respectively. Their damping 

coefficients are shown as Cer and cef. Rear and front tire 

stiffness coefficients are shown by ktr and ktf 
respectively and their damping coefficients by Ctr and ctf. 
Rear and front control forces are shown as Ur and uf 
respectively. Distance from the left force to the left end of 
the bridge is Xar and distance from the right force to the 
right end of the bridge is xaf. All these parameters are 

illustrated in Fig.I. According to the depicted picture of the 
model, e'YG,YtnYtf,Yer and Yef are pitch and heave of the 

vehicle, rear and front tire deflection of the vehicle and 
displacements of the rear and front tire contact points with 
the bridge, respectively. The distances from the rear and 
front tire contact points to the left and front end of the 
bridge are designated by Xer and xef' Left (rear) and right 

(front) actuation forces are shown by Ur and ufo It is also 

assumed that the vehicle is traversing the bridge with a 
constant velocity of V. 

To derive equations of motion of the coupled system, we 
shaJl use Hamilton's principle which in its most common 
form is as below [30], 

(1) 
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In (1), T is the total kinetic energy of the system, V is the 
total potential energy of the system and Wne is the total 
work done on the system by non-conservative forces which 
comprise vehicle damping forces, bridge internal damping 
forces and control forces. 

In this study, the mode shapes of the bridge are 
approximated to be sinusoidal. If we denote the roughness 
of the bridge by rex), the position of contact point of the 
vehicle and the bridge at point x :;;:; xc, will be sum of the 
roughness and the bridge deflection, 

Ye (Xe, t) :;;:; [I7=1 qi(t)sin (irrx/L) + r(x) 1x=xc (2) 

In (2), qi is the ith mode shape time varying amplitude 
and n is number of modes taken into account. By using (2) 
and implementing variational method into (1), one can reach 
(n + 4) second order linear coupled ordinary differential 
equations which can be put into matrix form as follows, 

Mi + Cz + Kz :;;:; Du + R (3) 

M, C, K, D and R are respectively mass, damping, 
stiffuess, control and disturbance matrices of the coupled 
system that one can find the definition of them in [31] . u is 
the control vector and z is the variables matrix which is 
defined as foJlows, 

(4) 

In (4), Ytr,Ytf,YG and e are respectively rear tire 

deflection, front tire deflection and heave and pitch of the 
vehicle. The equations are then transferred to state space 
and then discretized and the final resultant 2 (n + 4) scalar 
first order equations would be arranged in the matrix form 
as below [31], 

{ x(k + 1) :;;:; G(k)x(k) + H(k)u(k) + r(k) 
(5) y(k) :;;:; Cout(k)x(k) 

c � �t 
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Figure 1. Schematic model of the coupling vehicle-bridge system 
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In (5), x(k) is the state vector at kth time step and its 
elements are (n + 4) independent variables of the system 
(degrees of freedom) and their first time derivatives. G, H, f 
and Cout are called discretized system matrix, control matrix, 
disturbance matrix and output matrix, respectively. u is the 
control vector and y is the output vector. For this study, 
unless noted otherwise, the output matrix is such chosen to 
have the mid-span deflection of the bridge as the output of 
the system. The detailed of these matrices can be 
approached in [31]. Now if there is no control on the system, 
one can solve the ZCn + 4) scalar first order differential 
equations with ZCn + 4) initial conditions which are simply 
the displacement and the velocity of the independent 
variables which are set to zero (variables measured from the 
static equilibrium position). But if control forces exist, there 
should be a control policy to determine the control force at 
time step k so that it would be possible to solve the set of 
equations for the next time step. This policy is obtained 
from the optimal control theory that is discussed in the next 
section. 

Ill. CONTROL POLICY AND ALGORITHM 

The control strategy utilized in this work is an optimal 
control. In every optimal control method, there is a 
performance index with respect to which the optimization is 
done. In this study, quadratic performance index is used 
which in its discrete form [31], is as below, 

N-l 

J = �eT(N)Se(N) + � I [eT(k)Qe(k) + uT(k)Ru(k)] 

k=O 
(6) 

In the above equation, e is the error vector which is the 
difference between the desired output value and the actual 
output of the system. Q and S are real symmetric positive 
semi-definite matrices and they define the relative 
importance of the overall error and the final output error of 
the system. R is a real symmetric positive definite matrix 
that defines the relative importance of the control energy 
cost. The criterion to find the optimal control is to minimize 
this J function i.e. the performance index. 

P""--'--8>--Y(k) 

Figure 2. Block diagram of the system with its integrated controller 

In the procedure to minimize the performance index, the 
optimality condition is obtained [28], which is comprised of 
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3 sets of equations namely, state, co-state and control 
equations as follows, respectively, 

{X*(k + 1) = Gse(k)x*(k) + Hse(k)u*(k) + fseCk) 

pOCk) = Qsex*(k) + Gs/(k)p*(k + 1) 
o = Rscu* (k) + Hs/ (k )p* (k + 1) 

(7) 

P is called the co-state variable and bar sign and sc subscript 
indicate the non-dimensionalized form of the corresponding 
variables and matrices. Asterisk sign implies the optimal 
solution. Tedious manipulation, rearranging and solving the 
above equations with appropriate conditions, yields a 
feedback and feedforward control policy as follows [31], 

u*(k) = -K(k)x*(k) + �(k) (8) 

where K(k) and �(k) are the feedback and feedforward 
gains of the controller. The plant with its integrated 
designed controller is illustrated in Fig.2. The results of the 
system response and controller's effect are presented in the 
next section. 

IV. RESUL TS AND DISCUSSION 

A. System parameters and specifications 
For simulation of this study, the vehicle is assumed to be 

a long heavy truck and the parameters of the vehicle and the 
bridge are taken from those used in [32]. The velocity of the 
vehicle, the bridge length, the vehicle wheelbase and the 

sprung mass in all simulations and figures are 22 (�) , 
s 

120 (m), 12 (m) and 10000 (kg) respectively, unless 
otherwise specified. 

B. System response sensitivity on vehicle velocity 
The coupled bridge-vehicle system response depends on 

the system parameters. Most of the system parameters are 
kept constant once the vehicle and the bridge are chosen. 
One of these parameters that can still be changed after 
choosing the vehicle and the bridge is vehicle velocity. 
Therefore the system response sensitivity to the vehicle 
velocity is studied and presented in Fig.3 and FigA. Fig.3 
shows that as the velocity increases, the maximum 
deflection of the mid-span increases till it reaches a critical 
velocity after which the deflection begins to decrease. The 
rationale behind this increasing-decreasing trend of the 
response is related to the time duration that the bridge has to 
respond to the external force. In other words, after a critical 
vehicle velocity, the bridge does not have enough time to 
respond, thus the deflection begins to decrease afterwards. 
FigA shows the vehicle pitch response to its velocity. The 
pitch increases as the velocity increases till it reaches a 
constant value. The rationale behind this behavior is similar 
to that of the bridge deflection response to velocity. 
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Figure 3. Dependence of maximum mid-span deflection of the bridge on 
vehicle velocity 

* 
vc:loclty(mls) 

Figure 4. Dependence of vehicle pitch angle on its velocity 

C. Optimal position of control forces 

In this work, it is assumed that the positions of control 
forces are fixed during the actuation. Hence, the question 
which arises immediately is that where the control forces 
should be applied to have the best performance. In order to 
find the best position, a variable called alpha is defined to 
be minimized, 

(9) 

Ymax I at X=X j is the maximum deflection of the bridge at a 

distance Xj of the left end and m is the number of points 

along the bridge whose deflections are taken into account. 
Therefore to find the best positions of the control forces, 
forces are applied at different points along the bridge and 
the corresponding alpha criterion is checked to see which 
actuation point has the minimum alpha. This procedure is 
illustrated in Fig.5. According to this figure, the best 
positions of the application of control forces are the first and 
last ';4 of the bridge length. Fig.6 shows maximum 
deflection of different points along the bridge with and 
without control forces. Since the output of the system is the 
mid-span deflection of the bridge, its vibration is more 
mitigated than other points. 
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Figure 5. Influence of actuator position on alpha criterion 

-------�---------- -
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oormalizro positions of points alo� the bridge 
Figure 6. Maximum deflection of different points of the bridge when 

control forces are applied at their best positions 

D. Controller effect on even and rough bridge decks 

After finding the best positions for control force 
application in previous section, control forces are applied at 
these positions to attenuate vibration of the bridge. Fig.7 
shows controlled and uncontrolled time history of mid span 
of the mentioned bridge. The maximum control force for 
both left and right actuators will be approximately 80000 
Newtons. It is quite a big force but in return, the vibration 
mitigation is also very considerable. In other words, it is 
always a tradeoff in active control, between the power cost 
and the controlled output. 

"'�.--k--+--+.-�--,,�.--T--k--+--+'-� 
rimc(scc) 

Figure 7. Time history of dynamic deflection of the bridge mid-span with 
and without control forces 
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Figure 8. Controlled dynamic deflection of the bridge mid-span with and 
without surface roughness 

Practically, there is no completely even and smooth road, 
therefore, to consider this unevenness, surface roughness is 
modeled as a sinusoidal function with amplitude of 20cm 
and wavelength of 2m. Fig.S shows controlled mid-span 
deflection of the bridge in presence and absence of surface 
roughness. With the same control effort, roughness 
increases the bridge vibration and makes sharp variations in 
it. 

V. SUMMARY AND CONCLUSION 

For this study, dynamic interaction of the bridge-vehicle 
system was analyzed and optimal control theory was used to 
suppress the bridge vibration. To this end, a pitch-heave 
model and an Euler-Bernoulli beam were used to model the 
vehicle and the bridge, respectively. The optimal control 
theory used, led to a feedback-feedforward policy which 
was then applied to the system and the main results and 
conclusions are summarized below. 

- After a critical vehicle speed, the pitch and bridge 
deflections cease to increase (and even decrease in the case 
of bridge deflection) and thus it makes a point that where 
the bridge is going to be built and used, is also an important 
issue e.g. if it is a highway bridge or a bridge inside a city. 

- Although the most sever vibration and droop of the bridge 
is near its mid-span, the optimal position to apply the 
control force is not there and it is near the first and last ';4 of 
the bridge length which consequently makes the application 
of the active control, more feasible. 

- Surface roughness increases the vibration of the bridge 
especially when it is going to be controlled. If controlled, it 
results in sever bridge vibration in comparison to the case 
where there is no roughness. Therefore surface roughness 
makes the fatigue and reliability issues more important for 
both the bridge and the controller itself. 
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